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Abstract It is well known that Kasncr-typc cosmolo- 
gies provide a useful framework for analyzing the three- 
dimensional anisotropic expansion because of the sim- 
plification of the anisotropic dynamics. In this paper 
relativistic multi-fluid Kasner-type scenarios are stud- 
ied. We first consider the general case of a superposi- 
tion of two ideal cosmic fluids, as well as the particular 
cases of non-interacting and interacting ones, by intro- 
ducing a phenomenological coupling function q{t). For 
two- fluid cosmological scenarios there exist only cosmo- 
logical scaling solutions, while for three-fluid configura- 
tions there exist not only cosmological scaling ones, but 
also more general solutions. In the case of triply inter- 
acting cosmic fluids we can have energy transfer from 
two fluids to a third one, or energy transfer from one 
cosmic fluid to the other two. It is shown that by re- 
quiring the positivity of energy densities there always 
is a matter component which violates the dominant en- 
ergy condition in this kind of anisotropic cosmological 
scenarios. 
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1 Introduction 

It is well known that the present cosmological observa- 
tions allow the theoretical cosmology, based on General 
Relativity, to conclude that nearly 96% of the matter 
content in the Universe is of types which have not been 
seen in the laboratory. Even more, there is also indi- 
rect evidence suggesting that nearly 74% of the matter 
content present in the Universe exerts a negative pres- 
sure (dark energy). So one of the key problems of the 
current cosmology is deciding which kinds of matter 
sources were and are present in the Universe. This no- 
table uncertainty about the kind of matter filling the 
Universe, which is unique when we attempt to apply 
the laws of physics to the evolution of the Universe, 
requires the cosmologists to p roceed in a multi-faceted 
manner ( Padmanabhan 20051) . 

Usually cosmological models are constructed under 
the assumption that the matter source is an idealized 
perfect fluid. This assumption may be a good approxi- 
mation to the matter content of the Universe, however 
at earlier epochs there may not be so negligible the ef- 
fects of anisotropic matter fields such as for example 
magnetic and electric fields, populations of coUisionless 
particles such as gravitons, photons or relativistic neu- 
trinos; long- wavelength gravitational waves, topological 
defects such as cosmic stri ng and domain walls, among 
others (|Barrow 1997.1999I) . 

On the other hand, in recent years the current Cos- 
mology has been strongly influenced by the huge im- 
provement in qualit y, quantity and the scope of cosmo- 
logical observations (IPaee et al 2006 : Astier et al 2006 : 

Tegmark et al 20041: Bennett et al 2003HHinshaw et al 2o"oi :| 



Percival et al 2006.2007t ISpergel et al 2003.2006h . Re- 
cent investigations detect anisotropy in the cosmic mi- 
crowave background radiation (CMBR). The temper- 
ature anisotropy in the CMBR has been arguably the 
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most influential of these recent cosmological observa- 
tions and represents one of the most accurate obser- 
vational data in the modern cosmology. This scenario 
leads cosmologists to consider for early stages of the 
Universe not only the standard isotropic and homoge- 
neous FRW metrics but also to consider more general 
universe models. In principle one can consider inhomo- 
geneous models which, in order to reproduce the late 
homogenous and isotropic stages of the Universe, must 
contain a FRW background for certain limits or values 
of the model functions or parameters respectively. On 
the other hand one can also consider anisotropic back- 
grounds. The simplest generalization of FRW space- 
times are the homogeneous and anisotropic Bianchi cos- 
mologies of types IX, V and I, which are generalizations 
of closed, open and flat FRW spacetimes respectively. 

In the latter Bianchi type I we find the special class 
of Kasncr-type geometries, for which cosmological scale 
factors evolve as a power law in time. It is important 
to notice that Kasner-type geometries themselves have 
been used as a simple arena for discussing some prop- 
erties of anisotropically expanding cosmologies. It is 
very natural for anisotropic Kasner-type cosmologies 
to introduce a matter source described by an imper- 
fect fluid with a stress-energy tensor containing the 
coefficients of bulk v iscosity, shea r viscosity and heat 
conduction. In R efs.dB revik 1997t ICataldo et al 200d: 
Brevik et al 2000l) are discussed anisotropic matter 
sources for this kind of cosmologies. It was shown 
that in general relativity the Bianchi type I metric of 
the Kasner form is not able to describe an anisotropic 
universe filled with a viscous fiuid, satisfying simulta- 
neously the dominant energy c ondition (DEC) and the 
seco nd law of thermodyn amics ( Cataldo et al 200o() . In 
Ref. ljCataldo et al 20011) it is proved that this is possi- 
ble in scalar tensor theories, while for a more general 
Bianchi type I metric with a perfect fluid it is p ossible 
in the Brans-Dicke theory of gravit y (ILee 20081). 

On the other hand, in Ref. ljCataldo et al 20011 ) 
the discussion goes into t he framework of the holo- 
graphic principle, in Ref . (jllalpern 20011 ) the behav- 
ior of Kasner-type Cosmologies with Induced Matter 
is studied, while in other more general and interest- 
ing contexts Kasner geometries also are considered 
( Ponce de Leon 20 09HSvitek 2006t ICopeland et al 2010l: l 
Mak et al 2002; ,Bini et al 2007t llvashchuk et al 20081 ). 
Lastly, let us note that the Kasner metric plays an 
important role also in Bianchi cosmologies of type IX 
(the Mixmaster Universe), where in vacuum solutions 
the Mixmaster universe has served as a theoretical play- 
ground for many ideas related to the question of the na- 
ture of the chaotic behavior exhibited in some solutions 



for models containing matter where the spatial curva- 
ture causes the axes and rates of contraction to undergo 
sudden jumps from o ne Kasner-like solution to another 
(jErickson et al 20041 ) . The Kasner spacetimes are often 
used for the description of the very early stages of the 
Universe. 

In this paper we shall consider Kasner-type cosmolo- 
gies dominated by two or three matter components. 
The interaction among ideal fiuid components also will 
be considered. The interest in interacting cosmologies 
has been focused mainly on FRW cosmologies in order 
to address the observed late acceleration of the Uni- 
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verse ([Armendariz-Picon et al 2000t 

Riess et al 2004 : Srivastava 20061 ) and the so called 
cosmological coincidence problein (ICataldo et al 2008 : 
Guo et al 20051 IPavon et al 2005Hchimento et al 20031 ) .| 



Usually the universe is modeled with perfect fluids and 
with mixtures of non-interacting perfect fluids. This 
means that it is assumed that there is no conversion 
(energy transfer) among the components and that each 
of them evolves separately according to standard con- 
servation laws. However, we can consider plausible 
cosmological models containing fluids which interact 
with each other, so the energy from one of the flu- 
ids is diluted or decayed into another fluid component. 
The advantage of considering multi-fluid components in 
anisotropic Kasner-type cosmologies is that the prob- 
lem is solved exactly, in an analytical manner. 

The outline of the present paper is as follows: In Sec- 
tion II we establish and solve the Einstein flcld equa- 
tions for two-fiuid Kasner-type cosmologies. In Section 
III solutions for three-fluid configurations arc consid- 
ered. Finally, Section IV presents some concluding re- 
marks. 



2 Einstein field equations for two-fluid 
Kasner-type cosmologies 

We shall consider in this paper anisotropic cosmologies 
described by the metric 



(1) 



where we shall call pi , p2 and Kasner parameters and 
they are constant ones. We shall refer to the Kasner- 
type cosmologies ^ as simply Kasner cosmologies. 

Thus, the Einstcins flcld equations — ^Rg^^ = 
— kT^i/ reduce to 



PlP2 + PlP3 + P2P3 
f2 



(2) 



of the vacuum Einstein equations (jBini et al 20091 ) . or 
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SttG and Pj, with j = x^y^z^ representing 



the effective momenta in the corresponding coordinate 
axis, implying that in general for a Kasner metric we 
have anisotropic pressures. In other words, for the met- 
ric ^ one might introduce a matter source described 
by an imperfect fluid. Thus for a Kasner space-time 
one might consider a stress-energy tensor of an imper- 
fect fluid containing the coefficients of bulk viscosity, 
shear viscosity and heat conduction. Note that in this 
case the energy density and all pressures scale as 
implying that we have barotropic equations of state for 



aU pressures, i.e. Pj 



with 



constants. How- 



ever, in this paper we shall consider only perfect cosmic 
fluids, i.e. Px ^ Py = Pz- Note that in this case either 
p and Pj (with j = .t, y, z) scale always as t~^. 

Let us now consider a Kasner cosmology filled with 
two ideal cosmic fluids pi and p2 ■ Thus by putting into 
Eqs.d^])-® the expressions p = pi+ P2 and Px = Py = 
Pz = Pi + P2 we may rewrite the field equations in the 
following form: 



S-Q = ^Kt^pi + p2 + 3{Pi + P2)) , 

Pril-S) = -^Kt^p, + p2 ^ {Pi + P2)) , 

where we have introduced 



(6) 
(7) 



S = pi +P2+P3, 

Q =Pi 



pI 



(8) 



and 1 = 1,2, 3. 

Note that we obtain the same equations if we write 
the Einstein equations in the form Rfj,i, = — K(Tpi/ -|- 
Tg^y). It is easy to see that for the vacuum Kasner 
solution we have S* = Q = 1. 

2.1 General solution for two- fluid Kasner cosmologies 

We are interested in studying cosmological scenarios 
filled with two cosmic fluids which have barotropic 
equation of state 



Pi(t) =CJlpi(t), 
P2(t) =WlP2(i), 



(9) 



with wi and L02 constants. Let us now consider the 
direct integration of the field equations ([6]) and ([7]). 



From three Eqs.([7]) we conclude that, in order to satisfy 
all these equations with self-consistent expressions for 
energy densities and pressures pi, p2, Pi and we 
must impose the condition 5=1. This implies that 

Pi+ P2 = Pi+ P2, and then 

Pl+ P2= ^iPi + ^2P2- 

Thus by taking into account Eql6] we obtain for energy 
densities 



Kpx = 



K/02 



(l-Q)(l-a;2) 

2(wi-CJ2)t2 ' 

(1-Q)(c^i-1) 

2(^1-^2)^2 



(10) 
(11) 



where wi 7^ ^2- For wi = a;2 we obtain the trivial case 
of a single fluid in a Kasner cosmology. 

Since we are interested in a characterization of two- 
fluid Kasner cosmologies, we shall consider that the 
weak energy condition (WEC) holds and then we shall 
require for each source component that > and 
P-2 ^ 0- These conditions will imply that 



0<Q<1, 



(12) 



for a;2 < l,wi > 1 or W2 > l,a;i < 1. Thus the condi- 
tion still holds as in the case of a Kasner cosmology 
filled with a single ideal fluid. 

Note that one of the fluids, say pi, can satisfy the 
DEC (i.e. — 1 < wi < 1) or have a phantom behavior 
(wi < —1), while another component, say p2, has a 
state parameter satisfying W2 > 1, thus always violating 
DEC. 

2.2 Non-interacting cosmic fluids 

Usually the Universe is modeled with single perfect flu- 
ids and with mixtures of non-interacting perfect fluids 
( Gunzig et al 2000l : fPh^o-Neto 2005HBozza et al 2005 : 
GoHath et al 200G| : ICavrilov et al 20041 ) This means 
that it is assumed that there is no conversion (energy 
transfer) among the components and that each of them 
evolves separately. Now in order to study the following 
two cases for the superposition of two cosmic fluids we 
shall use the conservation equation for Kasner cosmolo- 
gies, which is given by 



Pi+ P2 + -{pi 



P2 + P1+ P2) = 0. 



(13) 



Thus for two non-interacting perfect fluids we can write 
the standard conservation laws 



S 

Pi + y(pi+Pi)=0, 

P2 + |(/52+P2) =0, 



(14) 
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which identically satisfy the general conservation equa- 
tion p3|) . By taking into account the barotropic equa- 
tions of state ([9]) both of these equations can easily be 
integrated obtaining 



C,: 



(15) 



with i = 1,2. Now, since the total energy density p 
scale as 1 /t^ we have that 



Co 



^5(l+wi) ^S(l+W2) 



This implies that the condition S{l-\-u)i) = S'(l+W2) = 
2 must be imposed, leading finally to wi =102- Thus 
both fluids have the same state equation and then the 
non-interacting superposition of two fluids is trivially 
equivalent to the standard scenario with a single cosmic 
fluid. 

2.3 Interacting cosmic fluids 

In this case we can rewrite the conservation equa- 
tion (|13p in the following form: 



(17) 
(18) 



P2 + j{p2 + P2) = -q{t), 



where is introduced a phenomenological coupling func- 
tion q{t). Such a kind of interact ing term has been con- 
sidered before in the literature (del Campo et al 2006t 
Tomaras 2o"o6t iBarrow et al 200d iKofinas et al 20061 ). 
Note that if q{t) > we have that there exists a transfer 
of energy from the fluid p2 to the fluid pi. Again the 
general conservation equation (|13p is identically satis- 
fled. 

Now by considering barotropic equations of state (|9]) 
we conclude that the interaction term has the general 
form q{t) = qo/t^-, where qo is an arbitrary constant. 
Thus by putting q{t) ^ qo/t^ into Eqs.JIll) and (HH) we 
obtain the following solutions for the energy densities: 



P^{t) = ± 



a. 



50 



fS{i+u.,) (S'(l + w,) - 2)^2 



(19) 



where i = 1,2; Ci are integration constants and the 
positive (negative) sign corresponds to i = 1 (i = 2). 
Note that due to the fact that in Kasner cosmologies 
the total energy density p scales as t~'^, without any 
loss of generality, we can put Ci = (wi ^ ^2)- 

Now, since the pressures are isotropic, from Eq.Q 
we obtain that 5 = 1. Then by putting the expressions 



for energy densities pi and p2 from Eq. (|19|) (with Ci — 
C2 = and 5=1) into Eq.® we obtain 



qo 



(l-Q)(tJi-l)(l-CJ2) 



(20) 



leading to the same expressions for energy densities (|T0|) 
and (fTT]) of Section II-A. It is interesting to note that 
the interaction term is characterized by a coupling of 
the form 



(16) 9(0 = (^1 - ^Wpi = (1 - ^2)0p2, 



(21) 



where 9 is the expansion factor and in general for the 
metric ([T]) is given hy 9 — S/t. Notice that interacting 
cosmological models with the interaction of the form 
(I2T]) were considered in the framework of flat FRW 



cosmologies (lOlivares et al 20081: IZimdahl et al 2001 



Setare et al 2009t ISadiadi e al 200d iNoiiri et al 2006 : 
Rashid et al 20091 ). 

It is clear from conditions pi > and p2 > that we 
have the same constraint (fT2|) on Q. Thus from Eq. ([T2|) 
and 1^2 ^ l,wi > 1 we obtain that q{t) > so we have 
energy transfer from p2 to fluid pi; and from Eq. ()12p 
and UJ2 > 1,^1 < 1 we have that q{t) < so we have 
energy transfer from pi to the cosmic fluid p2- 

It calls to attention that the energy densities for the 
interacting case coincide with the energy densities of 
the subsection II-A. Mainly this is due to the power law 
character of scale factors in the Kasner metric ((1]). In 
order to see this more clearly let us discuss the general 
solution obtained in Section II-A. In principle, on gen- 
eral expressions (fTO |) ~ (fTT|) we can now impose particu- 
lar requirements. For example let us impose the con- 
dition p4)) . Thus we obtain the following constraints 
on state parameters: wi = a;2 = 1. This implies that 
we really have a single stiff fluid filling the Kasner cos- 
mology. On the other hand, if we now require that 
both cosmic fluids (fTO)) - (|TT]) interact with each other, 
then the fulfillment of the conditions (fT7| "(fT8 |) does not 
add any extra condition on the model parameters wi, 
UJ2 and Q, defining only the final form of the interact- 
ing term q{t) = qo/t^ (with go expressed by Eg. ipH)) ). 
Thus the form of the energy densities (fTO)) - pT|) remains 
unchanged. However, we can impose an explicit form 
on q{t). For example, for interacting terms given by 
q{t) = a9pi, q{t) = f39p2 or q{t) 7^/91 +S9p2 we shall 
obtain some constraints on wi, UJ2-, Q with constant pa- 
rameters a, /3 or 7 and S respectively. 



3 Three-fluid Kasner cosmologies 

In the following we shall consider Kasner cosmologies 
filled with three barotropic cosmic fiuids pi, p2 and p^. 
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It is clear that the field equations now are given by 
S-Q = ^Kf- (pi +P2+ P3 + 3(Pi +P2+ P3)) , (22) 



1 



Kt' (pi +P2+P3- {Pi +P2 + P3)) , (23) 



where i — 1,2,3. Now we shall consider a barotropic 
equation of state Pi = uJi pi for each fluid. Since there 
are two differential equations with three unknown func- 
tions Pi , we shall suppose pa as a given function, in 
order to close the system of equations. 

Requiring that S* = 1, from Eg . ([^5)) we obtain that 

Pi(l - cji) + p2(l - ^2) + P3(l - '-'3) = 0. (24) 
Solving Eqs.lHH) and (HH) we obtain 

(1 - Q){1 - UJ2) , W2 - 
Kpi = —, r-^— H KP3, 



2(wi — UJ2)t'^ 1^1 ^ 



0J2 



(1 - Q){uji - 1) UJ3 - uji 

2(Wi - W2) t- - UJ2 



(25) 
(26) 



Let us now elucidate if all state parameters will re- 
spect DEC when the fulfillment of WEC is required, 
i.e. Pi > (for each i = 1,2,3). By adding Egs. lpS]) 
and (|26p and taking into account condition ps > we 
conclude that the constrain ([T2|) is valid. In order to 
have different equations of state for the cosmic ideal flu- 
ids we must require wi 7^ a;2 7^ W3. This implies that, 
without any loss of generality, we can put ^3 < a;2 < wi. 
Thus from Eqs.([26|) and ()12p we conclude that we must 
require that cji > 1 in order to fulfill the requirement 
P2 > 0. Thus, always at least one of the three state 
parameters violates DEC, implying that in three-fluid 
Kasner cosmologies it is not possible to have simulta- 
neously, for each fluid, oj^ < 1 if we require that pi > 
(i = 1,2,3). This leads to the impossibility of hav- 
ing all three fluids simultaneously satisfying DEC, i.e. 
-1 < < 1. 

Note that for this general solution we can invoke the 
conservation equation, which is identically satisfied by 
energy densities psp and p6|) . and has the following 
form: 

Pi + /52 + 93 

+ i (pi(l + cji) + p2(l + CJ2) + P3(l + ^^3)) = 0. (27) 

Clearly, one can consider the case where a two-fluid 
configuration is conserved separately from a third com- 
ponent, i.e. we have 

Pi + P2 + ^ (Pi(l + ^^i) + P2(l + ^2)) = 0, (28) 
P3 + i(l+c^3) = 0. (29) 



Of course this is a particular solution of the above ob- 
tained general solution. From Eq. (p9)) we obtain that 



(30) 



where C is an integration constant. Thus the solution 
in this case takes the form 



npi 



KP2 



{l-Q){l-LU2) , AtC(c^2-^3) 
2(wi -W2)t2 

(1-Q)(c^i-1) 



(wi - LU2) ' 
kC{uj3 — ioi) 
2(wi ~uj2)f^ ^ (wi - UJ2) ^1+"=^ ■ 



(31) 



Such a solution may describe multi-fluid Kasner cos- 
mologies filled with a two-fluid conserved configura- 
tion and independently conserved dust (a;3 ~ 0), ra- 
diation (ws = 1/3), or even a cosmological constant 
(w3 = —1), among others. If the third fluid is a stiff 
one, i.e. a;3 = 1, this solution becomes a scaling cos- 
mological solution. Note that for the case where each 
fluid component is conserved separately we obtain that 
P3{t) ~ with pi = P2 = 0, so this case is equivalent 
to the trivial scenario of a single stiff fluid in a Kasner 
cosmology. 

Now let us consider interacting scenarios for these 
three fluids pi, p2 and p3. We can thus write (where 
5=1 and Pi = ujipi) 

Pi 



Pi + y(l+wi) = a{t), 



(32) 

m, (33) 
lit), (34) 
where a, /3 and 7 must be constrained as follows: 



h + ^-(1 + W2) 
P3 + ^-(1 + ^^3) 



a{t) + I3{t) + -f{t) =0. 



(35) 



By introducing into Eqs. (|32| and ([33| the general ex- 
pressions for energy densities ([25)1 and ([^5]) we obtain 



ait) 



m = - 



{I ~ Q)iuJi - - LU2) 

(1 +^l)(c^2 -^3) 

+ 7 r, P3W - 

(uJi - U}2)t 
{l-Q){LJl-l){l-LJ2) 



2k{uJi — 0J2)t^ 
(1 +0J2){UJ1 -OJ3) 



{UJI - Ul2)t 



^2 - ^^3 . ,oR^ 

P3, (36) 

UJi - UJ2 



P3- (37) 

UJl - OJ2 



Since Eqs. (^5]) and (pS)) are the general expressions 
for energy densities in Kasner cosmologies filled with 
relativistic ideal fiuids pi , p2 and p3 , the substitution of 
Eqs.dlil) and ^ into Eqs.^-^ yields the identical 
fulfillment of constraint (I55t. Thus, in order to consider 
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different interacting scenarios we can impose a specific 
form on tlie interacting term "f(t), and tlren, by using 
Eqs. ([36| and (|37|) . find interacting terms a{t) and l3{t) 
and tlic final forms for energy densities (|25p and (pS]) . 

Let us for example consider tlie scenario wliere pi 
and p2 arc interacting with cacli other while p3 is con- 
served separately. Such a solution may describe a multi- 
fluid Kasncr cosmology filled with two interacting fluids 
and a conserved dust {0J3 ~ 0), radiation (ws = 1/3) 
or cosmological constant (0^3 = —1), among others. 
This means that we must put 7(i) ~ 0, obtaining 
from Eq. (|34p that the energy density P3{t) is given 
by Eq.dSOl). In this case Eq.dSS]) becomes a + 13 = 0. 
For C = we obtain the case of two interacting fluids 
discussed in Section II. Thus the general solution in this 
case takes the form (|3ip with interaction terms given 

by 



a{t) 



(1-Q)(CJ1 -1)(1-W2) 



2k(lUi — LL!2)t^ 
C{UJI - UJ3){UJ2 - UJ3) _ 



(38) 



Now, as another example, we shall consider a scenario 
where all three fluids interact with each other. Let us 
suppose that 



(39) 



7W = TTT' 



where (730 and n are constants. Thus from Eq. (j34p we 
obtain that the energy density of the third fluid is given 

by 



P3 



930 



(-n + 2 + W3 



)t"-i 



(40) 



which helps us to find the form of energy densities pi 
and p2 by Egs. ips)) and ([^5)) . Thus other interacting 
terms are given by 



ait) 



{uj2 - 0^3) (^1 + 2 - n)g3o 
(W3 -n + 2)(a;i -Wa)^" 
^ (l-g)(c^i -l)(l-c.2) 
2k{uji — ^2)^'^ 

CjuJi - UJ3){U}2 - UJ3) 

(Wl - W2) t2+'^3 ' 



+ 



m 



{uj3 - L0i){u!2 -n + 2)^30 
{lu3 ~ n + 2){lji - U!2)t^ 

(l-g)(cJl -1)(1-L^2) 

2k{uJi — UJ2)t^ 
C{UJ1 - UJ3){UJ2 - UJ3) 

(Wl - U2) t2+'^3 



The interacting term given by Eq. ((39)) generalizes the 
kind of interacting term discussed in Section II-C for 
which, to obtain it we must put n = 3. In this case, 
if additionally we have a;3 = 1, this solution becomes 
a scaling cosmological solution. For (730 = we obtain 
the previously discussed case of a multi-fluid Kasner 
cosmology flUed with two interacting fluids and a single 
conserved one. 

Since now we have three interacting terms, it is pos- 
sible to have two of them positive and one negative, or 
two negatives and one positive. For example suppose 
that 7 < 0, a > and /? > 0. This implies that we 
have energy transfer from the third fluid p3 to the flu- 
ids pi and p2- On the other hand if 7 > 0, a < and 
/3 < we have that energy is transferred from fluids pi 
and p2 to the cosmic fluid p3, so the fluids pi and p2 
are being diluted due to their interaction with p3. Let 
us consider an explicit example of such a scenario. If 
n = 3, 530 < 0, C = 0, a;3 < cl>2 < 1 (note that in this 
case p3 > 0), wi > 1 and Q < 1 we have that 7 < 0, 
a > 0. For the other interacting term we have that 
/3 > if g < 930 < 0, and /? < if (730 < q, where 

(l~Q)(o.i-l)(l-^3) 
(wi - a;3) 

So we have that energy is transferred from p3 to pi 
and to p2 if 9 < 930 < 0; and for 530 < q, flu- 
ids p3 and p2 transfer their energy to the cosmic 
fluid pi. It is interesting to note that this kind of 
triply interacting fluid configurations also has been 
considered in the framework of th e FRW cosmologies 
(ICruz et al 2008t I Jamil et al 20081 ). 



(41) 



4 Conclusions 

In this paper we have provided a detailed analysis of 
Kasner cosmologies dominated by two or three rclativis- 
tic cosmic fluids. Both cases can be exactly solved in 
the framework of Einstein field equations. It was shown 
that the case, where each cosmic fluid evolves separately 
according to standard conservation laws, leads us to the 
trivial case of Kasner cosmologies dominated by a single 
fluid; while if the anisotropic expansion is dominated by 
cosmic fluids which are not conserved separately (both 
for two-fluid configurations and at least two for three- 
fluid configurations), then the cosmological scenarios 
are not at all trivial. For two-fiuid cosmological scenar- 
ios there exist only cosmological scaling solutions. For 
three-fiuid configurations, among cosmological scaling 
solutions, there exist also more general ones. It is shown 
that for two or three-fluid cosmological scenarios, by re- 
quiring the positivity of energy densities, there always 



7 



is a matter component which violates DEC in this kind 
of anisotropic cosmologies. 

Finally, let us consider more precisely the general 
constraints valid for multi-fluid Kasner cosmologies and 
expressed by Eq. p^ and S = I. Constraint (|f 21) im- 
plies that for each pi we have that —1 < pi < 1. By 
using 5* = 1. we can replace p^ = 1 — pi — P2 into 
Q = Pi + P2 + pi- Now if we consider Q as a given 
parameter we find that 

Pi = ^1 - P2 ± y^-3p2 + 2p2 + 2Q~1^ , 

and then, in order to have a real pi, we must require 
that -3pl + 2p2 + 2Q - 1 > 0. Thus the constraint 
1/3 < Q < 1 must be imposed. So the behavior of three 
scale factors = i^' in multi-fluid Kasner cosmologies 
are restricted to exhibiting decelerated expansions in 
all three directions, or even contraction in several di- 
rections. 
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